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ũ(x, t) + (ũ(x, t) · ∇)ũ(x, t)
)
= µ∆ũ(x, t) −∇p(x, t) + f(x, t)
∇ · ũ(x, t) = 0,    Í  
  	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  Ø
¾¶ ¶ ²  ³ ¾¶  ¾ ũ(x, t) ∈ Rd,  ¶Ì   p(x, t) ∈ R ¶Ñ¶3
t
¾ ¶`Ì ³ ¾J¶ x ∈ Rd Í ρ + µ  ³ ¶`¶ ³  ¶Ü¶s¾¶ + ²  ³ ¾¶ ³ ¹¶+  ¾ 
f
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Rd
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∇ = ( ∂
∂x1









 ³ ¶ ¶ ÌÍ´ ¶ ³  ]
  ²  (ũ(x, t) · ∇)ũ(x, t) = ∑dj=1 ũj(x, t) ∂∂xj ũ(x, t)  d = 2, 3 ¾¶3Ì s+
3 ³ Í
´ ¶3 ³ ½ +¾¶
  ³   ² ¾½ {¶ ³ A¶`Ì+ ³ ¾ ³ ½Ì¾¶
ũ(x, t) = 0,
¹ ³ ¾ x ∈ Σ ¾ t ∈ [0, T ]
lim
|x|→∞
ũ(x, t) = ũ∞,
¹ ³  t ∈ [0, T ]
ũ(x, 0) = ũ0(x),
¹ ³  x ∈ E ,    Í×Ø 

Σ = ∂Ω
 ³ ¶¦¶3 ¹? ³ ¹º¶  ³   Ω  ũ0 ¶+½¾¾¶ ²  ³ ¾¶¶µ¶3
t = 0
Í E := Rd\(Ω ∪ Σ), d = 2, 3 ¾µ¶ Es¶  `¶   ũ∞ ³ ¶ ¶ ²  ³ ¾¶ ³ ¹¶  ¾ ¶¾  ·¶Í´ ³ µ8¶¾`sC¶s¶¶ ³  
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u(x, t) + (ũ(x, t) · ∇)u(x, t) − (u(x, t) · ∇)ũ(x, t)
)
= µ∆u(x, t) + ∇× f(x, t)
∇ · u(x, t) = 0,    Í  

ũ(x, t)
¾  ²  !s¶ "º ³ ¶ 
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(x − y) × u(y, t)
|x − y|3 dy.
   Í 
 
 ³ ¶ ¶ C¶¶ "º ³ ¶ 
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Ω
Σ
´  Í  Ój´ ³   ³ +N  ³  
+¶Ï ³  ¾¶N ³ E ""¶¹ ³ ¾ f ÌJ¶½¶ ³ ¶¾Í 3¶¶¶Õ¶ ¹ ³  f  ³ =+ 
  ¶"Õ ¶®¶C¶ ³     ³  uc¾¶  ¶¾ Ì ³ ÌA ¶¾ ¶+®¶ ³ µÔ3+`ÚÕÍ¬Ð +®+ ² ¶ ³ 8¹I ³  uc ¶ 
∂
∂t
u = ∆u − c ∂
∂x1
u + 2∇ · Q(uc, u) + ∇ · Q(u, u),
u(x, 0) = u0(x),
   Í×Ô 

u(x, t) ∈ R3 
¶+ ²³  ¶¾¶8 2Q(u, v) = vũ + uṽ − ṽu− ũv ¶ ³ ¾ 
E¾¶Í
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û = −(|ξ|2 + icξ1)û + 2iξ · Q̂(ûc, û) + iξ · Q̂(û, û),
û(ξ, 0) = û0(ξ).
   Í Ú 
¾¶
û(ξ, t) ∈ R3  2Q̂(û, v̂) = v̂ ∗ ̂̃u + û ∗ ̂̃v − ̂̃v ∗ û − ̂̃u ∗ v̂ Í
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)ß ³ Ì+¹ ·¹I¶ ³  ³ +	=Ì ¾ ³ ¹] ³ ½Ì¾"N ³  ' Ü¶¾ ² ¾ ³ ¹¶¾E¶ ³ s ³ +N  ¶¶ ³   8 ³ Õ¶ ³  ³ ¶½¾ ÕÍ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  ¾µ ³ X"ÕÌi¶ Ì¾¾Ì ³ ¹Ñbß ³ Ì+¹+¾¹IE¶ ³ i¾  Õ ¶ ³ ¹¦¶ ³
³   8+&% Ü¶J C¶ ³ 
ẋ = µx + y − x(x2 + y2)
ẏ = −x + µy − y(x2 + y2).    Í  
Ð ¾EÕ ¶q ³ + ¶¶ ²   ³ ¾+¶ ³  (x, y) = (0, 0)  ¶¹ ³ 
ξ̇ = µξ + η
η̇ = −ξ + µη,    Í  
¾¶¶j ³ ½Ì¾"  ³  ' +Ü¶j ² ¾ λ1,2 = µ±i Í´ ³  µ < 0 C¶¶ ²  ³ ¾+¶ ³  "½ÌÕ¶ ³ ¶E3 ¶ ¾ ¹ ³  µ > 0 Õ¶¶ ²  ³ +¶ ³  A ³ ½¶ ¾Í
) ¹ ]Ü¶ ³ +Ì ³   ³Õ³ ¾ ¶ x = r cos(φ), y = r sin(φ) ¾¶ r ≥ 0, φ ∈
R\(2πZ) ¶`"¶ ³     Í     ³ 3
ṙ = µr − r3
φ̇ = 1,
   Í ! 
Ì ³ ¶+® ³ Õ¶ ³ 
x(t) =
√
µ sin(t + φ0)
y(t) =
√
µ cos(t + φ0).
   Í  Ù 
 3¶ C¶®¹ ³  µ = 0  ¹?½¾ ³ ¹
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Eigenvalues for Eigenvalues for 
Trajectory for Trajectory for
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λ(µ0) = ±iβ B C3
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ûc = ûc(ξ, α)
A¦¹?3 ³ ¹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J ¶ ³ ¾¶ ûc  ³ ¾8
¶ ²   
∂
∂t
û = L̂û + N̂(û),
   Í  Ø 

L̂û = B̂û − 2iξ · Q̂(ûc, û),
B̂û = −|ξ|2û − icξ1û,
2Q̂(ûc, û) = ûc ∗ ̂̃u + û ∗ ̂̃uc − ̂̃uc ∗ û − ̂̃u ∗ ûc,
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 
Ó   ³  ' ¶  ³ ½Ì+"Ñ¾ ² + ³ j¶+½¾ s +¾ ¾¶ ³ +¶Ì ¶ÜÌÍ
  ̂̃u ¶ ²  ³ ¾¶  ` ³  ¶+¶ ¹I ³ ¶+ ²³ ¶¾·¶  ¾ û ² ½¶"º ³ ¶ 
 Þ  ² ¶ ) |®´ ³ Ì Í =¬ ³ ¶j¶ ¶ û∗û ¾)¦   ² ¶ ³ ¹ ³  û∗ûT   Í
Î
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exp(−inωt)û(ξ, t)dt    Í  Ô 
] ³ Õ¶¾8¶ " ¶
inωûn = L̂ûn + PnN̂(û)
   Í  Ú 
¹ ³  n ∈ Z Í]Ð ¾E ³ ¹¶ ÜÌ+ ³1² 
 Þ 3Õ¶Ï¶ ³ N3¶ ³  ¶ ³ ¾ ²  ¶µ¶¾E ³ ÌA¶ ³  (inωI − L̂)n∈Z ¾s¶+ ¾ ¶
Ì ³ ¾µ Ì ¾ ³ ¬¶ ³ ¶+ +¾¹IE¶ ³ ÑÌ+ ³ ¾ ¶ ³ 	 ¾¶ 3+ ³   ³  ³  ¶ ³ ¹ ¶ ³ Ì ¶ ³ ÍËÏ`¶ ³ ¶+NÌA¶3Ì+¶ ³  ³  L̂  º   ²  ¶` ² ¶¾¾¶ ³ ¹ inωI − L̂¹ ³  n = ±2,±3, . . . + ³ ¹ (inωI − L̂)Ps ¹ ³  n = ±1 Í ¼ ³  ³È²  ] ² ¶ ² ¶¾·¶ ³ ¹ L̂  Í ÍÑ¹ ³  n = 0  ³ Ì ¶ ³ ·¹ L̂−1 ÌÌ+ ¶ ³ ξ Í )5 ´ ³ Ì
L̂−1ξj
¾  ³ + ³ ÌAC¶ ³ º¹I ³  Lp ∩ L̂∞ ¶ ³ Lp ¾¹
p ∈ [1, 4),    Í  
¹ÝÍ¶ ³  
+Í  Í
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   Í ! 
¹ ³  1 ≤ q < p ≤ ∞  r∗ ∈ [1, 3) ÍsÐ J    ³"³  p = 4 − δ ]  ¹I ³ 
   Í ! 
q = 4/3 + O(δ) ¾N ²  r∗ = 2     Í !   +N¾ ³ ]Í)5`¹?¶ ]E` ³  p ∈ (3, 4) ÍÎÏ  ³ "+¶  ¶¶+"¶ ³  ³ ¹
ûn = (inωI − L̂)−1PnN̂(û), n = ±2,±3 . . . ,
  	
 ØÙ
ûn,s = (inωI − L̂)−1PnPsN̂(û), n = ±1,
û0 = L̂
−1P0N̂(û),
ûn,c = (inωI − L̂)−1PnPcN̂(û), n = ±1
   Í ØÙ 
E A] ³  ² ¦¹ ³  ûn  ûn,s = Psûn  û0 ¾®¶½ ³ ¹ û1,c = Pc,1û1  û−1,c = Pc,−1û−1¶Ì 




   Í×Ø  






n 6= 0 Í
Ð J]¶ ·¹I¶ ³  Ì ³  E A g¶ ³  Ì ³ ¨¹ ³  û1,c  û−1,c ³ Í )5J¶ ³ Ñ ³Õ³ ¾ ¶ Aj   uj = Ajϕ̂j ¾¶ ϕ̂j ∈ Lps ¶ +¹I
¶ ³  ³ ¶ ¶ ³ ¶¾ ² ¾ ±iω0  ] +¶+NÌ ³ 
g1(α − αc, ω − ω0, A1, A−1) = 0,
g−1(α − αc, ω − ω0, A1, A−1) = 0
   Í×ØØ 

gj : R
2 × C2 7→ R ¹ ³  j = ±1 Í
Þ ¾ ]  ²  |+¶ ³  ³  ³ ¦Ì ³ +  ¶8bÌ ³ ¨ ¶ ³ A8¾ ² 
Ü¶µ
A1 7→ A1 exp(iφ)

A−1 7→ A−1 exp(iφ)
N ³ ] ² ¦¶ ¶ g1 
g−1
 ³ ¹¶¹ ³ 
A1g̃1(α − αc, ω − ω0, |A1|2) = 0,
A−1g̃−1(α − αc, ω − ω0, |A1|2) = 0.
   Í×Ø  
)5Ü¶ ³ ++3Ì ³ 
 ³"³  C¶ A1 = r exp(iφ) "¾
(α − αc) + γr2 + O(|α − αc|2 + |ω − ω0|2 + r4) = 0,
ω − ω0 + O(|r|2 + |α − αc|2 + |ω − ω0|2) = 0,
   Í×Ø 
 
 Í Í ¶ ]¾J ³ = Õ ¶¾ E ³ ¹ºß ³ Ì+¹ ¾¹I+EC¶ ³ Í Ð Õ ¶Ì ³   ³ Ü¶ ²  ³ Õ¶ ³  ¾¶ r = O(|α − αc| 12 )  ω = O(|α − αc|) +
  	
 Ø 
 ³ Ì ³  ¶ ³ ¶¾½
5ÌA ³ + ³ ¾+¶ ³  ³ ¹¶+ ³  A " ¶Í
Ð J º ¾Ì ³È² 
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ε ∈ (0, ε0)
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 ½ ³ ¶ ¶ C¶·¹]¶ ²³ ¶¾¶ ¾¶3"
 Ì  ³ ¾¦¶+ ¶ ²  ³ ¾¶ ¾¶3"
 Ì  ³ ¾¶ ³"³ Í
   $   3
)5¶ ³ NÚ] ³  ¶¶ ¾¾¶ ³ ¹¶¶ ²  ³ +¶ ³  û = 0 ³ ¹
∂
∂t
û = L̂û + iξ · Q̂(û, û)    Í×ØÚ 
¹ ³  Ì 3¶ ²  α < αc ¾¶ L̂ = B̂ + 2iξ · Q̂(ûc, ·) Í ®½®"¶+ ² ³ ¹3 ³ Ì¶ ³  3 L̂ +C¶
8J¶¾3 ³ Ì    "ÃÍ +]½¶ ³"³ 
¶®ËÏ ½¹ ³ Ñ+
û(t) = exp(L̂t)û0 +
t∫
0
exp(t − τ)iξ · Q̂(û, û)(τ)dτ,    Í Ø  
¾Ñ `3¾` ³ Õ¶ ³  ³ ¹    Í ØÚ  E  "ÕÌ ¾¶¶¾µ¹ ³ Ñ+Í  ·¶¶¾¶ ³"³ `¶½ÌÕ¶ ³   IÎ ÞÞ  ¶¶ N¶ ³  Ú ]Ñ  ³ $¶ ³ ¾E¶ ¾¾¶ ³ ¹¶¶ ²  ³ +¶ ³  û = 0 Í
:);J@K6C;"< M   







, r < d = 3, s > 3p−1
p !*R 








û(0) ∈ Lps ∩ Lqs




‖û(t)‖Lps + (1 + t)
d
2r ‖û(t)‖Lqs ≤ C2






 8Ì ³1² 8¶ ² ¾·¶ ³ ¹  ?Î ÞÞ  ¹ ³ ¶+8½¾ ³ +Ì +C¶   L̂ ·¹ ¶s¶ 
¶ ³    ³ +¶ ³  ûc(ξ) ¾ ½ÃÍ Ð ³  ³ ¶¾¬·¶ º ³  ¶  ¶½¶ ³ ¹3Ì+¶ ³   ?Î ÞÞ  ¹ ³ ¶+ ³ Ì ¶ ³  B̂ = −|ξ|2− icξ1 ÍÐ ·¶¬¹ ³  L̂ ¹ ³  ³ ! ³ ½ÌA¶$¶ ³  ½Ü¶®¹ ³ ½ ûc Í½´ ¾  º ¶¶½ ³  ² Ü¶¦¶½¶¹ ³  L̂ +` ³ ¾½Ì+  ?Î ÞÞ  Í
)5|¶ ³   º ³ u¶8+ ³ ¹Ì ¶]¶ ¾¾¶ ² `¶sÌ++Ì+ ³ ¹
 ¶ ¾¾¶ÍµÐ +¹ ³  ºÑ¾¦  ³ +¶ ÌA ³  ³ +¶ ³ + ûp   ³ ¶+® ² Ì ³ ¾
∂
∂t
ŵ = (L̂ − λI)ŵ + 2iξ · Q̂(ûp, ŵ).
   Í×Ø ! 
  ´ ³ ¾º+¶$ ¶  ÜÌ ³1² 
 Þ +½¾+¶Ì ³  ¹I ³    ³1²  ]¦¶+Ì ³  ¶ ³ 3¶ ³ 
5¾½ ³   ³  K¹ ³ ¾ ]EN®¶ C¶ ]  ² ¦  ³  ² N Ü¶ ²  ² ¾Í ÞÕ³ ]®E  ³ 
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¶3¶ º`½¶+ ² ¾·¶ ³ ¹ ³ 3¾¶3¹ ³ ¶ ²³ ¶¾¶|"¶ ³ {¾
R2
Í )5 ¶ ³ Ì ¾½ ³ ¶ ²³  ¶¾¶|¾ E| ³ Ü¶¶3¶ ³ ¶+ ¶¾½ ³   E +¶+ ²³ ¶¾¶8¾ ² ¶ ³ Í
     
	   Ø 
 !   	) º   	 )  
 ® ³ ¶Ï ² 
 Þ ¶ ³ J ¶ ³ +
∂
∂t
ũ(x, t) + (ũ(x, t) · ∇)ũ(x, t) = ∆ũ(x, t) −∇p(x, t) + f(x)
∇ · ũ(x, t) = 0,  ÃØÕÍ  
¾¶Ì ¶ ²   x ∈ R3 ¶3 t ∈ R  ²  ³ ·¶   ũ(x, t) ∈ R3 JÌ  ¾
p(x, t) ∈ R Ü""¶ "¹ ³  f(x) ∈ R3 Í  
+½º¶ ¶¶]""¶ Õ¹ ³  f(x) ³ Ñ º  ¶ C¶¶j"Õ ¶ ¶¶ ³    ³ +¶ ³  (ũc, pc) = (ũc, pc)(x)  Í Í
(ũc(x) · ∇)ũc(x) = ∆ũc(x) −∇pc(x) + f(x)
∇ · ũc(x) = 0.
 ÃØÕÍ Ø 








Í Ð + ² ¶ ³  v(x, t) = ũ(x, t) − ũc(x) + q(x, t) = p(x, t) − pc(x) ¹I ³  ¶¶¶ ³  8 ³ +¶ ³  (uc, pc) ¶ ¹ 
∂
∂t
v(x, t) = ∆v(x, t) − c ∂
∂x1
v(x, t) − (vc(x) · ∇)v(x, t) − (v(x, t) · ∇)vc(x)
−∇q(x, t) − (v(x, t) · ∇)v(x, t)
∇ · v(x, t) = 0.  ÃØÕÍ  
Ð ®J ¶ ³  A"¾¶¶`
∂
∂t
v(x, t) = ∆v(x, t) − c ∂
∂x1
v(x, t)
−∇ · (vc(x)v(x, t)) −∇ · (v(x, t)vc(x))
−∇q(x, t) −∇ · (v(x, t)v(x, t))
∇ · v(x, t) = 0.  ÃØÕÍ
 










· (v1 . . . vd) =


vc,1v1 . . . vc,dv1ÍÍÍ Í Í Í ÍÍÍ
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vcv = (vc,1v . . . vc,dv).
∇ · vc = 0
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v = (vc · ∇)v.
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ũ3 − ∂∂x3 ũ2
∂
∂x3
ũ1 − ∂∂x1 ũ3
∂
∂x1
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(x − y) × u(y, t)
|x − y|3 dy, x ∈ R
3.
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∇×∇ · (ũũ) = ∇ · (uũ − ũu)   Ø"Í  
¾`¾½Ì¾
∇×∇ · (ũcũ + ũũc) = ∇ · (ucũ + uũc − ũcu − ũuc).
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Ð ¹ ³   ]  
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∂
∂t
u −∇ · (uũ − ũu) + c ∂
∂x1
u = ∆u + ∇ · (ucũ + uũc − ũcu − ũuc),
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Bu = ∆u − c ∂
∂x1
u,
2Q(u, v) = vũ + uṽ − ṽu − ũv,  ÃØÕÍ  Ù 
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∂
∂t
u = Bu + 2∇ · Q(uc, u) + ∇ · Q(u, u).
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B = ∆ − c ∂
∂x1
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, 1 ≤ p < ∞,
‖f‖L∞ = ess supx∈Ω|f(x)|.
   Í  
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 ² + ¶ ¶+ ³ z Lp ¾
¶ ³  ³ ¹¶+  ³ +¶² + |f | = √∑dj=1 f 2j  gÑ¶+N+Eb ³   Rd Í{´  ¶ ³   ]3Ü¶ ³  ¶ ¶¶+ Lp 
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 {Ì sg¹ ³  p = 2 ¶Ì  L2 ¾ ßµ¾A ¶ÑÌÍ
Lpm(R
d), p ∈ [1,∞] ¶Ì C¶ ]¾Ü¶ A ÌJ¾ÌÌA ¾¶¶ ³  ‖f‖Lpm = ‖fρm‖Lp 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  α ¾¶ α =
(α1, . . . , αd), αj ≥ 0, j = 1, . . . , d
 |α| = ∑dj=1 αj Íµ´  ¶ ³  ]" ¹ ³ 
x ∈ Rd
xα = xα11 · . . . · xαdd
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Dα






∂xα11 · . . . · ∂xαdd
.
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Ω ⊆ Rd, d ≥ 1 5
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p = 2
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f ∈ L1(Rd) B 
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f(x) exp(−ix · ξ)dx,    Í Ú 
     	






f̂(ξ) exp(ix · ξ)dξ.    Í  
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AµÌ 
Lqk
·¶
1/p + 1/q = 1
·¹
p ∈ [1, 2] Í Þ 3  ´ ³ ¶ ¹ ³  ¾Ïs ³ Ü¶¾" ³ ½ÌÌ¾¦¹I ³  ¶ ]¾Ü¶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 +Ì  Lqk Ü¶ ³ ¶ ÞÕ³  ³  ² Ì  W k,p ¾¶
1/p + 1/q = 1
·¹
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d) ⊂ Lr(Rd) /
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´ ³  q = ∞ ¾¶
 ³  ²  ³ +¶ ¶ ‖ρ−s‖L∞ ≤ 1  ]®  ²  ¾¶ r = p ¶ ¶ ‖u‖Lp ≤
‖u‖Lps















(1 + |x|2) sq2
.
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Ð   ³  Ü¶   ³ + ¹ ³  sq − d + 1 > 1 ³  sq > d ÍlÐ ¾ Õ¾¾
‖f‖Lr ≤ C‖f‖Lps
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∂
∂t
û = B̂û + 2iξ · Q̂(ûc, û) + iξ · Q̂(û, û),
   Í  
¾¶
B̂û = −|ξ|2 − icξ1,
2Q̂(û, v̂) = v̂ ∗ ̂̃u + û ∗ ̂̃v − ̂̃v ∗ û − ̂̃u ∗ v̂,    Í ! 
 ∗ + ³ ¶¶ ³  ²³ ¾+¶ ³  ÃÍ Í û ∗ v̂ = ∫
Rd
û(ξ − η)v̂(η)dη Í
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r ∈ [1, 3)  !* p, q ∈ [1,∞] /
  <
û ∈
Lp(R3)3 ∩ Lq(R3)3 
 ̂̃u ∈ Lq(R3)3  !*
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‖̂̃u‖Lq ≤ C(‖û‖Lp + ‖û‖Lq).
   Í  Ù 
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‖iξĵ̃u‖Lq ≤ C‖û‖Lq .
   Í  
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∇× ũ = u and ∇ · ũ = 0













































0 iξ3 −iξ2 iξ1
−iξ3 0 iξ1 iξ2























0 iξ3 −iξ2 iξ1
−iξ3 0 iξ1 iξ2












 ¾¶ß T¾   ¾J ¾¾¶ º ³ +¶
       


















0 iξ3 −iξ2 iξ1
−iξ3 0 iξ1 iξ2























0 iξ3 −iξ2 iξ1
−iξ3 0 iξ1 iξ2
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0 iξ3 −iξ2 iξ1
−iξ3 0 iξ1 iξ2
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0 iξ3 −iξ2 iξ1
−iξ3 0 iξ1 iξ2
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‖̂̃u‖Lqs ≤ C(‖û‖Lp + ‖û‖Lqs).
   Í  Ø 
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‖iξĵ̃u‖Lqs ≤ C‖û‖Lqs .
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Q̂(û, v̂)
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p ∈ (3/2,∞]  !*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‖û ∗ ̂̃u‖Lps ≤ C‖û‖2Lps .
   Í  
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‖û ∗ ̂̃u‖Lps ≤ C(‖û‖Lp‖̂̃u‖L1 + ‖ξsû‖Lp‖̂̃u‖L1 + ‖û‖L1‖ξŝ̃u‖Lp)
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‖û ∗ ̂̃u‖Lps ≤ C‖û‖Lqs‖û‖Lps .
   Í  Ô 
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û, v̂ ∈ Lps
‖Q̂(û, v̂)‖Lps ≤ C‖û‖Lps‖v̂‖Lps .
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û ∈ Lqs, v̂ ∈ Lps
‖Q̂(û, v̂)‖Lps ≤ C‖û‖Lqs‖v̂‖Lps .
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, r∗ ∈ [1, 3), s > 3 q̃ − q
qq̃











‖û ∗ ̂̃u‖L∞ ≤ C‖û‖2Lps .
   Í ! 










, r = ∞,    Í×ØÙ 
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, 1 ≤ q̃ < p ≤ ∞, r∗ ∈ [1, 3)  ÞÕ³  ³ ¾ ²  A¾ Lps ⊂ Lq̃, Lq̃s ⊂ Lq ¹ ³  s > 3p−q̃pq̃ , s > 3 q̃−qq̃q  p ≥ q̃ ≥ q]¦  ² 
‖û ∗ ̂̃u‖L∞ ≤ ‖û‖Lp‖̂̃u‖Lq ≤ ‖û‖Lp‖̂̃u‖Lq̃s ≤ ‖û‖Lp(‖û‖Lp + ‖̂̃u‖Lq̃)
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≤ ‖û‖Lps(‖û‖Lps + ‖̂̃u‖Lq̃) ≤ C‖û‖2Lps .
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û, v̂ ∈ Lps
‖Q̂(û, v̂)‖L∞ ≤ C‖û‖Lps‖v̂‖Lps .
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p ∩ L∞ 7→ Lp /
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¹ ³  p < 4 Í 
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p ∈ [1,∞] + s ≥ 0 Í
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A· = L̂·, A0· = B̂ · and A1· = 2iξ · Q̂(ûc, ·),
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A = A0 + A1
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(A0 + A1)w = iξjf
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û = −(|ξ|2 + icξ1)û + 2iξ · Q̂(ûc, û) + iξ · Q̂(û, û)
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ε ∈ (0, ε0)
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û = L̂û + iξ · Q̂(û, û).  ÃÔÕÍ  
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(ikωI − L̂)ûk = iξ · Q̂(û, û)k,
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X̂ ps := {û = (ûn)n∈Z : ‖û‖ bX ps < ∞}
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X s,p := {u = (un)n∈Z : ‖u‖X s,p < ∞}
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un ∈ W s,q B 	 < 1/p + 1/q = 1  !* q ∈ [1, 2] /
  C<P,,#FK$ !
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ŭ = (ŭl)l∈Z ∈ X s,p
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‖ŭl‖W s,p = C‖ŭ‖X s,p.
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(L̂̂̄u)l = L̂l̂̄ul<P ̂̄u = (̂̄ul)l∈Z / Q 
3FM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‖L̂̂̄u‖ bX ps ≤ sup
l∈Z
‖L̂l‖Lps 7→Lps‖̂̄u‖ bX ps .
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‖L̂l‖Lps 7→Lps‖̂̄ul‖ bX ps .
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s ≥ 1, p = 4 − δ FH	 δ > 0 
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û, v̂ ∈ X̂ ps
‖Q̂(û, v̂)‖ bX ps ≤ C‖û‖ bX ps ‖v̂‖ bX ps .
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û = (ûl)l∈Z, v̂ = (v̂l)l∈Z ∈ X̂ ps
Í¬¿µ¾3s  Í ! ] +






















= C‖û‖ bX ps ‖v̂‖ bX ps .
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Îµº ³ J ¶"Õ¾¶¬¶ ³ Ì ³(' ¶ ³  P̂±α,c !+
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  ÔÕÍ  Ô 
ßµ
(·, ·)L2
+ ³ ¶¶+ 8Ì ³ +¶  L2  ¶ φ̂±,∗α  ¶  ³ ¶ ³ si+¹I¶ ³  ³ ¹¶  '³ ¾J¶ ³ ÌAC¶ ³  L̂∗ ÍoÐ + Ì ³(' ¶ ³  ³  ¶+
 ³   ¶ +  Ì  ¶N¾ P̂±α,s = I − P̂±α,c  ]=  ²     ³ +¶¶ ³  ¶ C¶¶+ ³ ÌA¶ ³  P̂±α,c  P̂±α,s  ³ 3Ñ+¶¶ ¾¶ L̂ Í  ·¶ ¶¾½J ³  ]  ³ 3Ì ³ ¶Õ ¶ ÔÕÍ  ¾ ¶¹ ³  ³ Ñ
ûk = −(L̂ − ikωI)−1Pkiξ · Q̂(û, û), k 6= {−1, 0, 1},
û±1,s = −(L̂ ∓ iωI)−1PkP̂±α,siξ · Q̂(û, û), k = ±1,
û0 = −L−1P0iξ · Q̂(û, û),
   	     	     	  	 	 
JØ
±iωû±1,c = L̂û±1,c + PkP̂±α,ciξ · Q̂(û, û), k = ±1,







exp(−ikt)û(ξ, t)dt   ÔÕÍ 	 
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≤ C, k ∈ Z\{−1, 0, 1}, j = 1, 2, 3,





≤ C, j = 1, 2, 3.  ÃÔÕÍ   
®6C@@A2  Þ ¾ B ¬¶ ³  ³ ÌA¶ ³ j¾ W k,p Õ¾ ³ L = B +2∇·Q ]¦¶ ³ ³ ÌA¶ ³ ® W k,p ½¶ ³ ß   Ø("]Ð  ³ ¨ÎÍ  Í Þ"³ B̂  L̂ = B̂ + 2iξ · Q̂N¶ ³  ³ Ì ¶ ³ 3 Lps Í Ð +¹ ³ `¹ ³ 3¶N¾ ²  ¶¾¾¶ ³ ¹ L − ikωI 
L̂− ikωI, k ∈ Z\{−1, 0, 1}  ¾¶s¶Ì+ ³ Ì ³  ¶½¶Õ¾¶
¾º 3Ü¶¶ ¶
¶ÌA¶¨¦¶ ³ As¶¾¶  ³ b 
  ¹I ³   ³   ³ ¶  ¶¶½¶¹ ³ ¾ ³ ÍÐ +¦½3Ü¶ ³ 8¹ ³ 
¶ ³ ¶+ ¶ ³ ÌA¶ ³ Í

µ"¶ºs  ² s¶ ³  ³ ¾®¶8 k = 0 Í`´  ³   ÃÔÕÍ  Ú ·¶¾¦ ³ ¶ÑE®¶ ¶¶J C¶ ³ 
û0 = −L̂−1P0iξ · Q̂(û, û)
  Ô"Í ! 
   	     	     	  	 	 
 
 º+  ¹ ³  û0 Ñ¶ ³ ¶+Ñ ³ Ü¶J ³ Ì ¶ ³ ¹ B̂ Ì ¶ ³ ¶ ½¾ ÕÍj¿µ ¶+®Ì+ ²  ³  ¶ ³ ½ 
Í  ,
+Í×ØÑ ³ ¶+®¾¶Í
 ³  + ¶+ ¶¶®J ¶ ³  ³ ¹   ÔÕÍ  Ú 
 F = F (ûc, ûs) !
Fk = −ûk − (L̂ − ikωI)−1Pkiξ · Q̂(û, û), k 6= {−1, 0, 1},
F±1,s = −û±1,s − (L̂ ∓ iωI)−1PkP̂±α,siξ · Q̂(û, û), k = ±1,
F0 = −û0 − L−1P0iξ · Q̂(û, û),
  Ô"Í×ØÙ 

ûc = (. . . , 0, û−1c, 0, û1c, 0, . . .), ûs = (. . . , û−2, û−1s, û0, û1s, û2, . . .)

û = ûc + ûs
Í
)5 ³ ½¶ ³ Ì+Ì|¶ 3Ì¾·¶Ñ¹I¶ ³ {¶+ ³  i¶ ³  ³  ²  F (uc, us) = 0¾¶
F : X̂ps × X̂ ps → X̂ ps
¾¶ ÌA¶¶ ³ ûs ]s  ² 3¶ ³ Ì ³1²  F (0, 0) = 0 ¶+¦¾ ²  ¶+·¶ ³ ¹ DusF (0, 0) : X̂ ps → X̂ ps Í]Ð + ¶µ ³ +¾¶ ³   ¶ ²  Í    
DusF (0, 0) = −I
 ¾ ³ ¶j¶3º "C¶ÍÐ ¾] Aµj¹ ³  ³ Í
)5
Lps
]¦  ² ·¶¶¶Ï"·¶8+`¾3s Ô"Í 
 ¹ ³  k = ±1













‖Q̂(û, û)‖ bX ps
≤ C‖û‖2bX ps .´ ³  k = 0 ]













´ ³  k 6= ±1 º  ² 









×‖Q̂(û, û)‖ bX ps
≤ C‖û‖2bX ps .Ð Jµ¶¦Õ¶Ï3"+¦ ³ +¶ ³  ûs = ûs(ûc) ³ ¹ F (ûc, ûs) = 0 ·¶ ûs : X̂ ps 7→
X̂ ps
¶¾¹ "+ ‖ûs(ûc)‖ bX ps ≤ C‖ûc‖2bX ps Í
   	     	     	  	 	 
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      	
)5 ¶¾ ¶ ³  ]®  ¶¶ J ¶ ³  ³ ¹"¶   ÔÕÍ  Ú  3
±iωû±1,c = L̂û±1,c + PkP̂±α,ciξ · Q̂(û, û), k = ±1,
 ÃÔÕÍ Ø  
³  "+ ² Ü¶
iωû1,c = L̂û1,c + P1P̂
±
α,ciξ · Q̂(û, û),
−iωû−1,c = L̂û−1,c + P−1P̂±α,ciξ · Q̂(û, û),
  Ô"Í×ØØ 
¾¶
û = ûc + ûs

ûs = ûs(ûc)



















α + f1(A1, A−1),
−iωA−1φ̂−α = λ−0 (α)A−1φ̂−α + f−1(A1, A−1),
  ÔÕÍ Ø  
¾¶
f±1(A1, A−1) = P±1P̂
±
α,ciξ · Q̂(A1, A−1),
  ÔÕÍ Ø 
 

ûc = ûc(A1, A−1)

ûs(ûc) = ûs(A1, A−1)
Í
Þ "¶  ÃÔÕÍ×Ø  ºE A¾¶¶`
g1(α − αc, ω − ω0, A1, A−1) = 0,
g−1(α − αc, ω − ω0, A1, A−1) = 0,
  Ô"Í×ØÔ 
¾¶
g±1(α−αc, ω−ω0, A1, A−1) = ∓iωA±1φ̂±α +λ±0 (α)A±1φ̂±α +f±1(A1, A−1).
  ÔÕÍ ØÚ 
Þ ¾ ¶+ ³ ¾ Ì ³ +  ² Ü¶ t 7→ t + ϕ )¶ "¶[ ² Ü¶ + A±1 7→ A±1 exp(iϕ) Í ÞÕ³ g±1 ¶  ² ¶+¹ ³ 
A1g̃1(α − αc, ω − ω0, |A1|2) = 0,
   	     	     	  	 	 
JÔ
A−1g̃−1(α − αc, ω − ω0, |A1|2) = 0
  Ô"Í×Ø  
¾¶
g̃±1
  ³Õ³ ¶¹I¶ ³  ¾¾¶3Ü¶Í
)5Ü¶ ³ ++3Ì ³ 
 ³"³  C¶ A±1 = r exp(±iϕ) "
(α − αc) + γr2 + O(|α − αc|2 + |ω − ω0|2 + r4) = 0
(ω − ω0) + O(r2 + |α − αc|2 + |ω − ω0|2) = 0,
  Ô"Í×Ø 
¶+ º" ³  "¶ ³ Ï¹ ³ µ¶ ³  ³ ¹¬ß ³ Ì+¹ ¾¹IE¶ ³    ³ ¶ÑÌ+ ³"³ ¹
³ ¹¶ ³  ÔÕÍ   ³ 3Ì¾¶Í
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d = 2, 3
ÍÐ N3¶ ¶














)5 Þ ¶ ³ `ÚÕÍ×Ø ]¦¾¶ ² ¾·¶ ³ ¹¶3Ì+¶ ³ Í
_   	        3 
 ®Ì+ ³1² 
:);J@K6C;"<   ?M  













 !     	# 










û(0) ∈ Lps ∩ Lqs







=<    Í   0 !	#<+ 	8
‖û(t)‖Lps + (1 + t)
d
2r ‖û(t)‖Lqs ≤ C2.
 ÃÚÕÍ  
®6C@@A2J  ÎÏ  3s ³ ¾+¶ ³  ³ ¹
∂
∂t
û = L̂û + iξ · Q̂(û, û)  ?Ú+Í×Ø 
E AÌ+Ü¶ ² ¶®ËÏ 3¹ ³ Ñ
û(t) = exp(L̂t)û0 +
t∫
0
exp(L̂(t − τ))iξQ̂(û, û)(τ)dτ.  ÃÚ+Í  
















¿µ  IÎ ÞÞ   3½  Í ! ]  ² ¹ ³ 
¶ Lps 
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  Í Í
r < d
Í
 ¾¶¶½½  Í    Í ! +  IÎ ÞÞ  " ] ³ +¶¾8¹ ³ 
¶+ Lqs 
  ³  ¶¶
(1 + t)
d















‖ exp(L̂(t − τ)ξj‖Lps 7→Lqs‖Q̂(û, û)‖Lps ,















































































(t − τ)− 12 (1 + τ)− d2r dτ
}
≤ C
¹ ³  r < d Í
ÎÏ·¶ ³ ¶+ ]® ² ¦ ³ 
â(t) ≤ C
(









Ð ¾Ï3Ì¾ Ø  "¶ C¶Ï¹ ³  ²  C2 > 0 ºs  ³"³  C1 > 0  ¶ ¶ â(0) +
b̂(0) ≤ C1

¶ ³ â(t) + b̂(t) ≤ C2 ¹ ³  t ∈ [0,∞) Í 
_     D   B	      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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	
eB̂t
)5g¶¶ ³  º ³"³  ¹ ³ 3½ÌÕ¶ ³  ³  ûc + ² ¾ C¶Ñ¶`½ÌÕ¶ ³ 
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¶ ³  ³  ³ ] ¶Ì ³1² ¶ ² ¾·¶³ ¹3Ì+¶ ³   ?Î Þ+Þ  ]¹ ³ 
¶+E
3 ³ Ì e bBt   Í Í ]Ì ³1² 
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d = 2, 3
/ Q 
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B̂(ξ) = −|ξ|2 − icξ1
0 !	#& 









































, a > 0, n > −1.  ÃÚ+Í Ú 
Ð  ]® ² 















































Íµ´ ³ ¶¦ ³  ¶¾sC¶®¶ Í  Í ³ Í  j = 1 ÍÐ  ]  ² 


























































Ð ¶+ ¶¾sC¶ ¹ ³ ¾ ³ º¹I ³ 
‖ exp(B̂t)f̂‖Lps ≤ ‖ exp(B̂t)‖L∞‖f̂‖Lps = ‖ exp(−|ξ|2t)‖L∞‖f̂‖Lps
= sup
ξ∈Rd
| exp(−|ξ|2t)|‖f̂‖Lps ≤ C‖f̂‖Lps .
´ ³ µ¶Ñ¹ ³  ¶ ¶¾sC¶ ] s ¶ ¶Ï¶¹I+¶ ³  g(x, t) = x exp(−x2t) Ì ³ 
Ï"¶s
x = ± 1√
2t












$Í  Í ³ Í +Í ³  j = 1 ÍÐ  º  





2‖f̂‖Lps ≤ C‖f̂‖Lps .
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eL̂t
B	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uc
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, r < d, d = 2, 3
 !*
































 ÃÚ+Í  Ø 
	 < ‖û0‖Lps∩Lqs ≤ C0
/
®6C@@A2J   ]¹ ³ ¾ ³ =¶º3
A ¾  Ø  ÌÍ×Ø !  Ø ! 
 " Í  º ³ ¾¶º+EJ C¶ ³ 
∂
∂t
û = L̂u = B̂û + 2iξ · Q̂(ûc, û).ÎÏÌ+Ì"+¶ ² ¶ ³  ³ ¹ ³ +¶J¶¹ ³ Ñ Õ¾¾
û(t) = exp(B̂t)û0 +
t∫
0
exp(B̂(t − τ))2iξ · Q̂(ûc, û)(τ)dτ.
´ ³ 
¶+ Lps 
  ³  º¶ ¾¶ ¾3sÑÚÕÍ   ¾3s  Í  Ù3 J ¶ ³   ÃÚ+Í
 ]¶ ¶

















b̂(0) + ‖ûc‖Lps â(t)
t∫
0
(t − τ)− 12 (1 + τ)− d2r dτ


≤ C (̂b(0) + ‖ûc‖Lps â(t))
          	         ÔØ























‖ exp(B̂(t − τ)ξj‖Lps 7→Lqs‖Q̂(ûc, û)‖Lps





















(t − τ)− 12(dr +1)‖ûc‖Lps‖û‖Lqs ,






â(0) + b̂(0) + (‖ûc‖Lps + ‖ûc‖Lqs)â(t))
























2r dτ ≤ C
¹ ³  r < d Í
Ð J º®  ² ¶¶½¶
â(t) ≤ C(â(0) + b̂(0) + ‖ûc‖Lps∩Lqs â(t)),
b̂(t) ≤ C (̂b(0) + ‖ûc‖Lps∩Lqs â(t)).
 ?Ú+Í   
Ð ¹ ³  K·¹ ‖ûc‖Lps∩Lqs > 0   ½J¶s  º` ³ 
          	         Ô 
â(t) ≤ 2Câ(0),
b̂(t) ≤ 2Cb̂(0)  ÃÚÕÍ  
 
¹ ³ ¾ t ≥ 0 Í 
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(B̂ − λI)−1
µ"¶ ] ºÜ¶¬¶ ³ ]¶¾¶ ¶ ³ Ñ¹ ³ j ³ ½s¾ ûc Í#  ³ +¶½Ì 
¶ ³   ?Î ÞÞ  ]¹I ³   ³  ² J¶¶¾sC¶ ¹ ³  L̂ ÍjÐ ® ³  ² Ü¶µ¶½¶ ¾ ³ =` JÜ¶¶ ³  ¶ ³ Ì ³1² ½¶sÕ  ³ ¹ ÌA¶] ¶ +·¶  E ³ ¹ß ³ Ì+¹ ¾¹IE¶ ³ Í )5 ³ º¶ ³   ³ Õ¶
¶ ³  ² Ü¶¶½¶º¹ ³  L̂  ]¶+® ¶¾s¶
¹ ³  B̂ Í
Þ ¾¶ ³ ÌAC¶ ³  B̂ ¾µ¶ ³ ) ²   Lqs ¹ ³  q ∈ [1,∞]  s ≥ 0 º  ² Ñ
C > 0
`¶ ¶
‖(B̂ − λI)−1‖Lqs 7→Lqs ≤
C
|λ|
 ÃÚ+Í  Ô 
¹ ³   ²  λ ³ +¶+3¶ ³  ³ Ü¶¾Ñ¶+®Ì ¶
σ(B̂) = {λ = −|ξ|2 − icξ1 ∈ C | ξ ∈ Rd, d = 2, 3}
 ?Ú+Í  Ú 
³ ¹ B̂ ÍÐ 8Ì ³ Õ ³ ½E  ¶ ³ ¹º¶ ³ ¶=3 ³ Ì e bBt 8¾3sÚ+Í   ¶½¾  8¶+®Ì ¶Ì ³ ÌA¶ E ¶½¾  ½Õ¾Í  ® ² 
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λ ∈ iR FM !A!





®6C@@A2J  ËÏ¶ ³    Í !  ]¦  ² ®¶ ¶ (B̂ − λI)−1 ¾¾¶Ì¾EC¶ ³  ³ ÌA¶ ³   ² 
 
(B̂ − λI)−1 = 1−|ξ|2 − icξ1 − λ
.
 ÃÚ+Í   
          	         Ô 

 ¾¶ß T¾   ¾J ¾¾¶ º ³ +¶
‖(B̂ − λI)−1f̂‖Lqs ≤ ‖(B̂ − λI)−1χ|ξ|≤1f̂‖Lqs + ‖(B̂ − λI)−1χ|ξ|≥1f̂‖Lqs








  ¶  +




||ξ|2 + icξ1 + λ|
)
≤ C/(1 + |λ|)  ?Ú+Í ! 
¹ ³ ¾ λ ∈ iR Í  ·¶ Ì ³ º ³"³ ¾ ¶ ρ = σ√|λ| ] +

















































¿µ+ ¶+¦+½Ì+¶ ³ + ³ ¹¶ ¶
¶ ³  º  ² 
 ;Õ<=<=(   ¾P  
r > d− 1 
E$ 	#
 C > 0 
D4 !U<P !,, λ ∈ iR FM  !A!
‖(B̂ − λI)−1ξj‖Lps∩Lqs 7→Lqs ≤
C
|λ| 12− d2r
, j = 1, 2, 3.
 ?Ú+Í×ØÙ 
          	        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 ÔÔ
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dσ < ∞ ¹ ³  r > d − 1 Í 
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6  <P,,#FK
Γ = Γ1 + Γ2 + Γ3
 ÃÚ+Í ØØ 
FH	
Γ1 = {λ ∈ C : λ = at − i, ; t ∈ (−∞, 0]},
Γ2 = {λ ∈ C : λ = it, t ∈ [−1, 1]},
Γ3 = {λ ∈ C : λ = āt + i, t ∈ [0,∞]}
FH	
a ∈ C 
	( 50,#G4
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ÚÕÍ  ÓÐ +¦ ³ Ü¶ ³  Γ ¹ ³ 
¶®ËÏ++¹ ³ Ü¶  ÃÚÕÍ×Ø  
_   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L̂
)5¶¾ ¶ ³  º¾3Ì+¶ ³ 
¹ ³ 
¶ ³  ² J¶ ¾`¾½Ì+¶ ² ¾·¶
³ ¹  ?Î ÞÞ  Í
´ ³ ¾ ² + ³ ¹ α º®3¶ ¶ ]  ² ¶ ³  ² J¶µ ¶¾s¶
   $ $)P  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ÍÐ ¶+µ"Õ ¶ 
C > 0
8¶¶
¹ ³ ¾ λ ∈ C º  ² 
‖(L̂ − λI)−1‖Lps∩Lqs 7→Lqs ≤
C
|λ| 2r−d2r
 ÃÚ+Í Ø  
 ³ Ñ¶+® ²  Γ  ´ÚÕÍ  Í
´ ¶ ³   ] +½ ¶ ¶ "ÕÌ+¶ ³ ¹¶ ³ ¾ ² ¾ λ±0 (αc) ¶ ÌA¶  ³ ¶ ¾¹/¶ ³ ¹ Γ Í ´ ³  α < αc ¶ ¾ ² + λ0(αc)±   ³ E¶ ¹/¶ ³ ¹
          	         Ô 
¶+ ¾s  {Õ  ³   ´ Ú+Í Ø  Ã Í ´ ³  α = αc ¶+  ² 
λ0(αc)
± = ±iω0 6= 0
 ³  ¶ ¾s   Õ  ? ´+ ÚÕÍ×Ø     8+ ¹ ³ 
α > αc
¶¾ ² ¾ λ0(αc) J¶ ³ ¹¶½¾  3 +¾®´¾ Ú+Í×Ø  I ÍÐ `¹ ³  α < αc  ?Î Þ+Þ Ø º3Ì¾¬¶ ² ¾·¶ ³ ¹  ?Î ÞÞ  Í
          	         Ô




























































λ (α )0 c
+



















       	            Ô !
 ! ¨   ¦	®     ]	®  	 
)5|¶¾Ñ¶ ³  3¶ ³ 
ß ³ Ì+¹ ¾¹I+EC¶ ³  #]Ì ³1² ¶8"Õ  ³ ¹ÌA¶¶ ¾¾¶½ ¶®3Ì+¶ ³   ?Î ÞÞ Ø Í )5 ¶Ì ²  ³ ¶ ³  ]¦ ²  ¶ + ¶+½ " ½¾ ¶ ¾¾¶ ³ ¹º¶ ¶ ²  ³ Õ¶ ³  ¹ ³  α < αc + ¶ ³ "
+ ³ ¹ß ³ ÌÕ¹#·¹I¶ ³  ¶ α = αc Í  ³  º® ³ ¾
¶ÌA¶ ¶ +·¶³ ¹¶s¾¾¹IE¶3¶¾½
5ÌA ³ +  ³ +¶ ³ +µ¹ ³  α > αc ÃÍ Í ]Ñ ³ 3Ì+¶¶+´ ³ J¶
"ÕÌ ³ J¶ ³ ¹)¶ ¾E¶ ³ ½ ³  ·¹I¶¾ ³ Õ¶ ³ Í )5 ³ º¶ ³ ³  ³ ]¦¶ ³ EÌ¾¾Ì ³ ¹+`¶ ¾¾¶$  
 " Í
 ® ¶ ¶Ü¾ ¾¶ "¶ ³     Í  
∂
∂t
û = L̂û + iξ · Q̂(û, û).    Í  
Ð ¾E¶ ³  ³ ¶¶3"
 Ì  ³ ¾µ ³ Õ¶ ³  ûp(ξ, t)   ²   
∂
∂t
v̂ = L̂v̂ + 2iξ · Q̂(ûp, v̂).
   Í×Ø 
Ð  ³ +¶ ³  ²   ¶®´ ³ J¶¶ 
v̂(ξ, t) = ŵ(ξ, t) exp λt,
   Í  

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∂
∂t
ŵ = L̂ŵ − λŵ + 2iξ · Q̂(ûp, ŵ).
   Í×Ô 
   ²  ¶ ³  ³ z¶ ¶ Reλ ≤ 0 ¾|E ³ ¹Ï ³ Ü¶ ² ] ³ ¾+¶ ³  ŵ Í|ËÏ¶ ³ ¶
2π/ω





ŵ = (L̂ − λI)ŵ + 2iξ · Q̂(ûp, ŵ).
   Í Ú 











   Í  
¹ ³  ¶+® ³ Õ¶ ³  ŵ ³ ¹J C¶ ³     Í Ú   ¹ ³ 
¶¶¾½
5ÌA ³  ³ ¾+¶ ³  ûp(ξ, t) ³ ¹J C¶ ³     Í   "¾
¶+®¾  ·¶¾½ ³    "¶
ŵk = −(L̂ − λI − ikωI)−1Pk2iξ · Q̂(ûp, ŵ), k 6= {−1, 0, 1},
ŵ±1,s = −(L̂ − λI ∓ iωI)−1PkP̂±α,s2iξ · Q̂(ûp, ŵ), k = ±1,
ŵ0 = −(L̂ − λI)−1P02iξ · Q̂(ûp, ŵ),
±iωŵ±1,c = (L̂ − λI)ŵ±1,c + PkP̂±α,c2iξ · Q̂(ûp, ŵ), k = ±1,







exp(−ikt)ŵ(ξ, t)dt    Í ! 

¶Ì ³#' ¶ ³  ³  ¶+ k 
 ¶ ³ 3Ì ³ +Ü¶ ³ ¹ ŵ Í
)8;"<=(6È* &  ?M  L ! 0 ! 	)    Í   	#L,-	CJ !F /# /#(/
ŵ
/
J ¶ ³     Í  º A"¾¶¶`
(L̂ − ikω)ŵk − 2iξ · Q̂(ûp, ŵk) − λŵk = 0, k 6= {−1, 0, 1},
(L̂ ∓ iω)ŵ±1s − 2iP±α,sξ · Q̂(ûp, ŵ±1) − λŵ±1s = 0, k = ±1,
L̂ŵ0 − 2iξ · Q̂(ûp, ŵ0) − λŵ0 = 0,
(L̂ ∓ iω)ŵ±1c − 2iP±α,cξ · Q̂(ûp, ŵ±1) − λŵ±1c = 0, k = ±1.
   Í  Ù 
Þ ¾®¶¦ ³ Ü¶¾J ³  Ì ¶ ³ ¹ L̂ − λI ¾µ¾`¶+Ñ¹/¶Ï ¾¹ 
5Ì+¹ ³  Reλ ≥ 0 
]   ² Ñ¶¶½½½ÔÕÍ 
 ³ ¹ ³  L̂ − λI ¾¶E ³ ¹ L̂ ¶ ³"³   ³ ¶ ³ ÌA¶ ³ 
L̂ − λI ¾ ³  ² ¶¹ ³  Reλ ≥ 0 Í¿µ¶¦Ì ³#' ¶ ³ +µ"  ¶ ³  Ô
]¦ ¾¶¶   ¶¶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 F = F (ûc, ûs) = 0  
Fk = −ŵk − (L̂ − λI − ikωI)−1Pk2iξ · Q̂(ûp, ŵ) = 0, k 6= {−1, 0, 1},
F±1,s = −ŵ±1,s − (L̂ − λI ∓ iωI)−1P±1P̂±α,s2iξ · Q̂(ûp, ŵ) = 0, k = ±1,
F0 = −ŵ0 − (L̂ − λI)−1P02iξ · Q̂(ûp, ŵ) = 0
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ŵs = ŵs(ŵc)
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ŵc
¶¾¹ "+ ‖ŵs‖X ps ≤ C‖ûp‖X ps ‖ŵc‖X ps Í
ßµ®J C¶ ³     Í  Ù ¬E  ¶ ³
iωŵ1,c = (L̂ − λI)ŵ1,c + P̂±α,cP12iξ · Q̂(ûp, ŵ),
−iωŵ−1,c = (L̂ − λI)ŵ−1,c + P̂±α,cP−12iξ · Q̂(ûp, ŵ),
   Í  Ø 
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ŵ = ŵc + ŵs

ŵs = ŵs(ŵc)
Í Þ + º®J ³  ¶¶ P̂±α,cŵ = (φ̂±∗α , ŵ)φ̂±α ]Ü¶ ³  c±1 ! ŵ±1c = c±1φ̂±α Íj¿µ¾ ¶¹?¶¶ ¶ L̂φ̂±α = λ0(α)φ̂±α  ² 
(λ0(α) − iωc−1 − λ)c1 + h1(λ, α, ω, c1, c−1) = 0,
(λ0(α) + iωc1 − λ)c−1 + h−1(λ, α, ω, c1, c−1) = 0,




  ³ ++E
¾¶Ì 3¶ α, ω  λ + +
h1(λ, α, ω, c1, c−1) = P̂
±
α,cP12iξ · Q̂(ûp, ŵ),
h−1(λ, α, ω, c1, c−1) = P̂
±
α,cP−12iξ · Q̂(ûp, ŵ).
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g1(A1, A−1, α, ω) = 0
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g1(A1, A−1, α, ω)c1 + O(|λ|2, |α − αc|2, |ω − ω0|2) = 0.
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∂
∂t
ũ(x, t) = ∆ũ(x, t) − c ∂
∂x1
ũ(x, t) − (ũ0(x) · ∇)ũ(x, t) − (ũ(x, t) · ∇)ũc(x)
−∇q(x, t) − (ũ(x, t) · ∇)ũ(x, t)
∇ · ũ(x, t) = 0.  +Í  
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¶ ²³  ¶¾¶½¹ ³ Ñ+¶ ³ 
∂
∂t
u = ∆u − c ∂
∂x1
u − (ũ · ∇)u − (ũc · ∇)u − (ũ · ∇)uc,
  ÕÍ  
 ∇ · u = ∇ · (∇× ũ) = 0 Í
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x⊥ = (−x2, x1)T




u = ∆u − c ∂
∂x1
u −∇ · (ũu) −∇ · (ũcu) −∇ · (ũuc).
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Bu = ∆u − c ∂
∂x1
u,
2Q(u, v) = −(ũv) − (ṽu),  +Í Ú 




u = Bu − 2∇ · Q(uc, u) −∇ · Q(u, u).
 +Í  
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û = B̂û − 2iξ · Q̂(ûc, û) − iξ · Q̂(û, û),
 +Í  
¾¶
B̂û = −(|ξ|2 + icξ1)u,
2Q̂(û, v̂) = −(̂̃u ∗ v̂) − (̂̃v ∗ û),  +Í ! 
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¹ ³ 
K∞j (ξ) = χ|ξ|≥1
iξj





|ξ|2 , j = 1, 2¶+¬Ì 
Lr(R2)
ÍÎµ  ³  ³ ¶ ³ ¶"
5+3 ³  E C¶¬ ¶½¶¹ ³  K∞j (ξ) ³  ²  ³ Í¬´ ³  Kj(ξ) ]  ²  ¾¶Ì ³ 
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r ∈ [1, 2)  !* p, q ∈ [1,∞] /
  <
û ∈
Lp(R2) ∩ Lq(R2) 
 ̂̃u ∈ Lq(R2)2  !*
O 	#
O C > 0 
4  !
‖̂̃u‖q ≤ C(‖û‖p + ‖û‖q).




  +Í  Ú 
_     D   B	 D     B	 
Q̂(û, v̂)
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‖û ∗ ̂̃u‖Lps ≤ C‖û‖2Lps .

















‖û ∗ ̂̃u‖Lps ≤ C‖û‖Lqs‖û‖Lps .















û, v̂ ∈ Lps
‖Q̂(û, v̂)‖Lps ≤ C‖û‖Lps‖v̂‖Lps
  +Í ! 
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û ∈ Lqs, v̂ ∈ Lps
‖Q̂(û, v̂)‖Lps ≤ C‖û‖Lqs‖v̂‖Lps .
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p ≥ q̃, p ≥ q  !* r∗ ∈ [1, 2] / Q 
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‖û ∗ ̂̃u‖L∞ ≤ C‖û‖2Lps .




p, q, p̃ ∈ [1,∞]  !* s ≥ 0 0 !	#<+	8  /   / Q 
R
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û, v̂ ∈ Lps
‖Q̂(û, v̂)‖L∞ ≤ C‖û‖Lps‖v̂‖Lps .
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p ∩ L∞ 7→ Lp  !*<P
p ∈ [1,∞] FM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 B̂−1iξ1 : Lp 7→ Lp /
)8;"<=(6È*gO  ?M
 	3$,#





3 − δ, r ∈ [1, 2)  !* q̃ = 6/5 + O(δ) / " ,@
OFM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